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Abstract—This paper investigates the bit error rate (BER)
performance of spatial diversity free-space optical (FSO) com-
munication systems using on-off keying modulation. The study
considers correlated log-normal FSO channels as well as path
losses due to weather effects using intensity modulation and
direct detection schemes. An approximated moment generating
functions (MGF) for the joint probability density function of
correlated log-normal channels are considered. Using MGF
approximation, BER expressions for repetition codes (RCs) and
orthogonal space time block codes (OSTBCs) in correlated log-
normal channels are derived. Results show that RCs outperform
OSTBC:s in correlated channel conditions. In addition, the effect
of different weather conditions (e.g., haze, rain and fog) on
the BER performance of the FSO links are studied. Monte
Carlo simulation results are further provided to demonstrate
the validity of the proposed mathematical analysis.

Index Terms—Free-space optical communications; atmo-
spheric turbulence; spatial diversity; orthogonal space time block
codes; repetition codes.

I. INTRODUCTION

Free-space optical (FSO) communication has gained sig-
nificant interest in last-mile terrestrial applications as it is
cheap, license-free and it can achieve high data rate wireless
communication. However, FSO systems still face a number of
design challenges, including severe attenuation under different
weather conditions (e.g., haze, rain and fog) and performance
degradation due to atmospheric turbulence induced fading [1,
2].

Radio frequency (RF) and FSO are affected differently by
atmospheric and weather effects. FSO links suffer from high
attenuation in the presence of fog but are less affected by
the rain. In contrast, fog has practically no effect on RF
systems, but the rain significantly increases link attenuation.
Atmospheric turbulences due to changing temperature or pres-
sure result in non-homogeneous fluctuations of local refractive
indexes. These turbulences are the main reason behind the
fading in FSO links. While in RF links, the fading is due to
the multipath propagation [2, 3].

In the last two decades, many statistical models have
been proposed to describe the atmospheric turbulence strength
in FSO. It has been shown that for weak turbulence, the
distribution of received intensities is close to a log-normal
distribution, while in strong turbulence conditions; the gamma-
gamma distribution can be used to model both small-scale
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and large-scale turbulences. The log-normal and the gamma-
gamma distributions have good match between theoretical and
experimental data [2].

Spatial diversity is considered as a promising solution to
combat atmospheric turbulences. By using multiple apertures
at the transmitter and/or the receiver sides, spatial diversity
has the potential to mitigate atmospheric turbulence effects,
enhances the performance of the FSO links and overcomes the
limitations on the transmit optical power. Also, the possibility
for laser beam blockage by obstacles (e.g., birds or moving
vehicles) is further reduced and longer distances can be
covered through harsh weather conditions [4-8].

Two spatial diversity techniques are generally considered for
FSO systems. Namely, repetition codes (RCs) and orthogonal
space time block codes (OSTBCs) [9]. In RCs system, the
same signal is transmitted simultaneously from the available
transmitters. The advantages of such transmission technique
are limited to FSO wireless systems using a heterodyne
(coherent) reception. A heterodyne reception offers distinct
advantages, as the background noise rejection and the mit-
igation of atmospheric turbulences. However, this kind of
receiver is not preferred in FSO systems due to its high
cost and complexity. Alternatively, intensity modulation with
direct detection (IM/DD) [9, 10] are more preferred transmis-
sion/reception methods.

Conventional OSTBCs, as used in RF systems, should be
modified to deal with IM/DD techniques because the output
of the transmitter must be unipolar [11, 12]. To achieve this,
the negative part of a modulated signal is represented by the
I’s complement (i.e., bitwiseNot) of a positive signal [11].
However, it has been shown in [9] that RCs outperform their
counterpart OSTBCs using IM/DD in uncorrelated log-normal
channels. Yet, coherent and differential OSTBCs FSO systems
are shown to outperform their counterpart RCs systems at the
expense of laborious receivers [13].

Uncorrelated log-normal channels require that the distances
among transmitters must exceed the fading correlation length.
However, this might be unattainable in practical systems as the
available space for transmitters may not be sufficient to achieve
this requirement [14]. Therefore and in this paper, BER
expressions for IM/DD FSO system using RCs and OSTBCs
in the presence of both correlated log-normal channel and
path loss attenuation due to weather effects are derived. The



derivation is based on the approximated MGF for correlated
log-normal channels, which is derived in [15].

The remainder of this paper is organized as follows: FSO
spatial diversity model is presented in Section II. In Section
III, performance analysis are discussed. Numerical results and
discussions are given in Section IV. Finally, conclusions are
summarized in Section V.

II. SYSTEM MODEL

A synoptic diagram of the considered system model is
depicted in Fig. 1. The system considers [V; transmitters
and one receiver. Source bits are modulated using on-off
keying (OOK) pulsed modulation and encoded by a multiple-
input single-output (MISO) encoder. The encoder considers
two techniques for transmission, OSTBCs and RCs. In RCs
system, the same signal is transmitted simultaneously from
the available transmitters. While in OSTBCs, full rate real
orthogonal matrices, G, for NV; < 8, are considered [16].
In [16], a linear transformation of G matrix to OOK matrix, S,
through S = % is proposed, where U denotes a unit matrix
with the same size as G. The encoded real symbols modulate
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Fig. 1. Synoptic diagram of the proposed model.

the synchronized laser diodes. The transmitted light propagates
over correlated log-normal channel and suffers from path loss
due to weather effects and an additive white Gaussian noise
(AWGN) at the receiver input. As such, the received signal is
given by

r(t) = sty _ L+ n(t), (1)

where s(¢) is the transmitted information symbol, 7 is the
optical to electrical conversion coefficient, n(t) is an AWGN at
the receiver input (the noise is mainly due to shot noise which
dominates over other noise sources such as thermal, signal-
dependent or dark noises [9]) and I; denotes the received
signal light intensity from the i*" transmitter to the receiver
after channel effect. According to [1,17], it can be evaluated
as follows:

Ii =B 1, hi, )

with I, being the received signal light intensity without consid-
ering the channel effect, h; = e(>X%) is the channel irradiance
from transmitter ¢ to the receiver with X; being modeled as
spatially correlated identically distributed Gaussian random
variable with mean s, standard deviation o and variance o2.

The path loss, in dB, is modeled as [1]
ﬂ = —OCL7 (3)

where « is the weather-dependent attenuation coefficient (in
dB/km) and L is the link distance.

The values of « for different weather conditions are pro-
vided in Table I [3].

TABLE I
WEATHER ATTENUATION COEFFICIENT OF FSO [3]

Weather conditions odB/km)]
Clear air 0.43
Haze 4.2
Moderate rain (12.5 mm/h) 5.8
Heavy rain (25 mm/h) 9.2
Light fog 20
Moderate fog 422
Heavy fog 125

Hence, h; is a log-normal random variable (RV) with
probability density functions (pdf) given by [18]
1 (In(h) — 2u)?
802 ’
To ensure that the fading channel does not attenuate or amplify
the average power, the fading coefficients are normalized as
E[h;] = e2(to) = 1,
The spatial covariance matrix I' coefficients, modeling the
spatial correlation among transmitters, are given by [17]

Ly = o?x pl™Jl, 5)

“4)

where |.| stands for the absolute value, (p < 1) is the
correlation coefficient and ¢ and j are the row and the column
indices of the covariance matrix coefficients, respectively.
According to [14], p is a function of the separation distance
d among transmitters,

d
p=exp (—d) : ©)

where the correlation length d, ~ /AL with X\ being the
wavelength. This correlation model is called the exponential
model [19] and corresponds to the scenario of a multichannel
transmission from linearly equi-spaced transmitters. From (6),
the correlation of combined signals decays by increasing the
spacing between the transmitters.

At the receiver side, maximum-likelihood (ML) decoder is
considered.

III. PERFORMANCE ANALYSIS

A. Orthogonal Space Time Block Codes (OSTBCs)

The pdf of the instantaneous signal to noise ratio (SNR) ~;,
1 < ¢ < Ny, of correlated jointly log-normal channel under
atmospheric loss effect can be calculated as [1, 18]

Fo, e ) = Ly 2 (D) 2)
LT AN /m) N (det MDY
[ln (%) o 71n(ﬂﬂ2’:]£\]t)] — 4y, 7; is the

average SNR, (-)~! is the inverse of a matrix, (-)7 is the
transpose of a matrix and det is the determinant of a matrix.

)

where 7 =




The instantaneous SNR +; in (7) is given by [5],
= (nli)?
i No .

The conditional BER for FSO system using OSTBCs can
be calculated as [1,9]

®)

P(e|h) = )

with E}, being the average electrical energy of the transmitted
pulse at each transmitter given by [9]

2
nlo
Ey, = .
’ (Nt>

The factor V; is included in (10) to ensure that the total power
of the considered MISO system is similar to the power of the
benchmark single-input single-output (SISO) link.

The alternative form of the Gaussian-() function is [20]

(10)

22
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Substituting (10) into (9) and using (2) yields
n? N
= [ — 2
Plelh) = Q | \| gz @y ;I (12)

Using (8), the conditional BER with respect to the SNR
becomes

ZZNZH Vi
2(N¢)?

P(elh) = Q (13)

Using the pdf of the instantaneous SNR ~; in (7), the
average bit error probability of OSTBCs is given by

- [ o557

(14)
f(ryla"' 77Nt) drh ,,.dnyt.
According to [21], the MGF is defined by
/ / f Vi, 7’7Nt)
15)

dryy - -+ dyn,.

SR

i=1

With the use of (7) and after few algebraic manipulations,
the pdf of instantaneous branch SNR for the given branch i ,v;,

(111(52 ) + 402 )2

3202

f(i) = (16)
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The MGF of the RV ~; is then given by
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Making the change of variable x = W yields
1 o 9
W)= = [ exn(-a?)
VT ) (18)

X exp (—552’)71; exp(V3202x — 402)) dz.

Using Hermite polynomial approximation gives [22, page 924]

oo N
/ exp(— z)de ~ Zwig(fi)y
- i=1

where w; and z; are the weights and the roots of the Hermite
polynomial, respectively.
Applying (19) on (18) yields

(19)

N
1
~ T E w; exp (—sﬂzfﬁ exp(V3202x; — 402)
™
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(20)

Using (20), (7) and following similar approach as in [15],

the general form of the MGF in correlated log-normal channel
under atmospheric loss effect is given by

~ 33 [T

ni=1 nn, =1 Li=1

X exp —SZB i |exp | V3 Zcmxm— 2 ,

Jj=1

with N being the order of approximation of the Hermite
polynomial. The values of w,, and x,; of the N th order
Hermite polynomial are tabulated in [22, Table 25.10 ] and
ci; is the (k, 7)™ coefficient of T'y, = I''/2.

Using the definition of the @-function in (11) on (14) gives

BER = / / / exp 1 % X
4N 2 sin® 6 (22)

f(’)/h"' a’yNt) do d’71 o d’yNt
The BER in (22) can be written using the MGF approach

in (15) as
BER=1/2 @(b)de.
T Jo 4NZsin® 6

Using (21) and assuming that all the average SNR from the
transmitters are equal, i.e., 7; = 7, Vi = 1,--- N, an
approximate novel expression of the BER of OSTBCs over

(23)



correlated log-normal channel under atmospheric loss effect
is derived as

oo~ -3 (T

ni=1 nNt—l =1

525 N, N,
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X Q —
27 i=1 j=1
(24)

B. Repetition Codes (RCs)
The conditional BER of FSO system using RCs can be
obtained as [1,9]

Ep 52
2N,

P(e|h) = hi . (25)

Using the alternative definition of the @-function in (11),
the BER of RCs system over correlated log-normal channel
under atmospheric loss effect is given by

N 2
o= [ [ SR%0,
exp 4N251n 0

f(’}/l,"' 77Nf,) do dfyl...dnyt'

(26)

Please note that the MGF approach cannot be used to repre-
sent (26), since it is directly proportional to (/7; )2. However,
under the condition that o < 1, the following approximation
can be used

N, 2 Ny
i=1 i=1

Monte Carlo simulation results with 10° samples are con-
ducted to verify the validity of the proposed approxima-
tion in (27). The relative estimation error percent, &
100 x %) < 6%, is calculated for different o values.
The results are shown in Table II. Results clearly demonstrate
that the proposed approximation is valid and leads to a
negligible error (< 6%) with practical o values.

27)

TABLE II
ERROR DUE TO APPROXIMATION

[ p &%)
0.1 0.5 0.4
0.1 0.25 0.7
0.3 0.5 4
0.3 | 0.25 5.6

Hence, substitute (27) in (26) and using (15) yields

™

1 [z 1
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(28)

From (21) and (28), an approximate expression for the BER
of RCs systems over correlated log-normal channels under
atmospheric loss effect is derived as

BER ~ Z Z lﬂw”]

ni=1 nn,=1 Li=1

B2 -
N, Z exp | V32 Z Cijn, — 40?
i=1 j=1

xQ

(29)

It is important to note that even though the derived ex-
pressions in (24) and (29) are for correlated log-normal
channels under atmospheric loss effect, they can be applied
to uncorrelated log-normal channels under atmospheric loss
effect by setting p = 0 in cj;.

IV. NUMERICAL RESULTS AND DISCUSSIONS

In this section, a target BER for IM/DD FSO system using
OOK of 1077 is assumed [5], A = 1550 nm and L = 1 km. The
transmitters branches are assumed to be identically distributed,
low and high correlation values are considered (p = 0.25 and
0.5). Analytical results with N = 10 are compared to Monte
Carlo simulation results. Results demonstrate close match for
a wide range of SNR values.

Fig. 2 illustrates a correlated log-normal channel with
o =0.1 and N, = 2. It is revealed that RCs are more power
efficient than OSTBCs by about 3 dB for the two considered
cases, p = 0.25 and 0.5.

T T T T T T T T
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2 -y = Repetition (29)
10 -~ ~ Monte Carlo Simulation 3
107 1
107 3
w107 3
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Fig. 2. Correlated log-normal with o = 0.1, u = —02, and Ny = 2 and light

fog (o = 20 dB/km).

Figs. 3-6 show the performance of RCs and OSTBCs for
different parameters o, «, p and N;. In Fig. 3, the number
of transmitters increases to three, IN; = 3. It is shown that
RCs with N; = 3 requires 0.6 dB and 0.5 dB less SNR
for p=0.25 and 0.5 as compared to RCs with N; = 2,
respectively. However, increasing the number of transmitters
degrades the performance of OSTBCs by 1 dB and 1.3 dB for



0.25 and 0.5, respectively. Performance degradation can be
noticed when comparing the results in Fig. 2 with the results
in Fig. 3.
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Fig. 3. Correlated log-normal with o = 0.1, v = —o2, and N; = 3 and light
fog (o = 20 dB/km).

In Figs. 4 and 5, a clear air environment with 0 = 0.3 and
« = 0.43 dB/km is considered. These parameters are chosen
considering the inversely proportional relationship between
the turbulence strength and attenuation. It is very unlikely
that strong turbulence occur during a fog event [23]. From
Fig. 4, it can be seen that light fog effect in Fig. 2 is
higher than increasing the atmospheric turbulence on the
BER performance of the FSO system. The required SNR to
achieve the target BER decreases by 25.74 dB and 24.88 dB
for RCs and by 25.94 dB and 24.34 dB for OSTBCs with
p = 0.25 and 0.5, respectively. Simulation results show that
RC:s still outperform OSTBCs by about 3 dB.
Fig. 5 shows results for V; = 3 and o = 0.3. An interesting

.
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10 15 20 25 30 35 40
Avg. SNR[dB]

Fig. 4. Correlated log-normal with o = 0.3, p = —o2, and N; = 2 and clear
weather (o = 0.43 dB/km).

observation is the behavior of OSTBCs results, where in-
creasing the number of transmitters enhances the performance
unlike the reported behavior in Fig. 3. As compared to the

results in Fig. 4, OSTBCs show a SNR gain of 1.4 dB and 0.8
dB with p = 0.25 and 0.5, respectively. However, the required
SNR to achieve the target BER decreases by 28.24 dB and
26.14 dB for RCs and 28.34 dB and 26.44 dB for OSTBCs
with p = 0.25 and 0.5, respectively in the absence of light fog.
In Fig. 6 the severe effect of different weather conditions on
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.

BER
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Fig. 5. Correlated log-normal with o = 0.3, p = —o2, and Ny = 3 and clear
weather (o = 0.43 dB/km).

the FSO links using three transmitters are investigated using
repetition codes with o = 0.1 and p = 0.25.

= Clear air
= = =Haze
——&— Moderate rain
—¥— Heavy rain
= | ight fog

.
30 35 40 45 50 55 60
Avg. SNR[dB]

Fig. 6. Correlated log-normal using repetition codes with o = 0.1, u = —o2,

p = 0.25 and Ny = 3 for different weather conditions.

V. CONCLUSIONS

In this manuscript, an approximated BER expressions
for non-coherent spatial diversity FSO systems with OOK
modulation are derived. The effects of both correlated log-
normal channels and path loss due to different conditions
are considered. The pdf of correlated log-normal channels is
expressed using the MGF approach. Also, an approximated
BER expressions for both OSTBCs and RCs in correlated log-
normal channels are obtained. It is shown that increasing the
number of transmitter enhances the BER performance of RCs



but does not always achieve higher SNR gain in OSTBCs.
Additionally, RCs is shown to always outperform OSTBCs by
at least 3 dB. Finally, the severe effects of different weather
conditions on the FSO links are studied where it is shown
that fog degrades the FSO performance significantly. Future
work will shed more light on the effects of these weather
conditions on the performance of FSO and suggest methods
to compensate for the performance losses.
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